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Investigation of the Acoustic Boundary Layer
in Porous-Walled Ducts with Flow

U. G. Hegde,* F. Chen,t and B. T. ZinnJ
Georgia Institute of Technology, Atlanta, Georgia

This paper investigates the acoustic boundary layer in porous-walled ducts with sidewall gas injection, a sub-
ject of interest in studies of a propeliant driving in unstable solid-propellant rocket motors and sound attenua-
tion in ducts. The formulation, valid for low injection Mach numbers, is two-dimensional and includes the ef-
fects of viscosity, thermal conductivity, and steady-state velocities. Solutions are provided for the first-order ax-
ial and transverse velocities and temperature in the boundary layer in terms of the acoustic pressure. It is shown
that with an increase in the steady wall injection velocity, the acoustic boundary-layer thickness at a given fre-
quency increases and its tendency to damp acoustic motions within the duct also increases. Experimental studies
in a cylindrical, porous-walled duct confirm these trends and are reported. The analysis also shows that the
acoustic admittance at the boundary-layer edge depends upon the axial location and varies most rapidly in
regions adjacent to an acoustic pressure minimum.

Nomenclature
a = defined by Eq. (31)
b =norm of L(yQ;y)
c = reference speed of sound
Cp - specific heat at constant pressure
F,F! = defined by Eqs. (22), (24), and (25)
G = Green's function for u{ and T{
k - thermal conductivity
K - first modified version of the Green's function G
L = second modified version of the Green's

function G
Lm = defined by Eq. (25)
ml,m2 = factors in the Green's function G
M - core flow Mach number
p = pressure
q = modified v'
Rb(Q) = admittance at wall
Rb (oo) = admittance at edge of boundary layer
t = time
T = temperature
TQ,T{ = zeroth- and first-order temperature fluctuations
u = velocity in axial direction
UQ,U{ =zeroth- and first-order axial velocity fluctuations
v = velocity in transverse direction
V = nondimensionalized injection velocity
x = axial coordinate
y,yQ,y = transverse coordinate
18 = defined by Eq. (15)
/32 = parameter in Eq. (7)
7 = ratio of specific heats
jn = coefficient of viscosity
v - kinematic viscosity
X = parameter in integral equation for v'
p = density
oj = circular frequency
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Superscripts
( )* = dimensional quantity
( )' = fluctuation
( ) = steady state

Subscript
r - reference value

Introduction

THE acoustic boundary layer in porous-walled ducts with
flow is of interest in connection with admittance studies

and instability analyses of solid-propellant rocket motors.1'2 A
porous-walled duct is similar to a solid rocket motor in that
the mass addition from the sidewalls simulates the addition of
gaseous products of combustion into the flow stream. The
characteristics of the acoustic boundary layer are instrumental
in determining the behavior of the acoustic waves in the duct.
While the analysis presented in this paper is biased toward
propulsion applications, it is also valid for studying the sound
damping characteristics of acoustically nonrigid surfaces used
in industry to damp unwanted noise from machinery and
motor exhausts.3 A porous wall, due to the dissipative effects
in its pores, damps sound energy. However, the acoustic
boundary layer present over such surfaces also contributes to
the damping of the acoustic wave motion and must be also
considered.

It is well known that acoustic wave motions in ducts with
large length-to-diameter ratio are largely isentropic except in
the vicinity of the duct walls, where the shear and thermal
modes interact with the acoustic mode.4 In the absence of
mean flow, the thickness of the acoustic boundary layer is of
the order of (*>*/a;*)1/2, which is very small in many cases of
practical interest. The acoustic admittance at the edge of the
boundary layer, taking into account the effects of the shear
and thermal modes, serves as a boundary condition for the
isentropic wave motion away from the walls. Furthermore,
when the boundary-layer thickness is much smaller than the
transverse dimensions of the duct, the admittance may be ap-
plied directly at the side-walls without any significant loss in
accuracy.

As discussed later in this paper, sidewall mass injection
modifies both the thickness and structure of the acoustic
boundary layer. The boundary-layer thickness is increased
compared to the no-flow case and, if the injection rate is suf-
ficiently high, the boundary layer may encompass a signifi-
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cant portion of the duct. In such a case, the isentropic
assumption for the core flow may lose validity and the
viscous effects must then be included in the analysis of the
whole flow region. However, for many cases of practical in-
terest, the injection rate is sufficiently small so that bound-
ary-layer assumptions should work well. These cases are in-
vestigated in this paper.

Different solution approaches are possible for this prob-
lem. Following Ref. 4, the velocity field may be split a priori
into acoustic (potential) and vortical (solenoidal) modes that
are then solved for separately. These solutions are combined
only at the duct walls, where the no-slip boundary condition
is applied to the overall velocity. The approach favored here
does not, however, consider the acoustic, shear, and thermal
modes separately. Instead, the boundary-layer equations are
solved for the combined unsteady field. In the absence of
turbulence effects in the main flow, the vortical modes disap-
pear at the edge of the boundary layer, leaving only the
potential velocities.

Flandro1 carried out an analysis of the boundary layer in
cold-flow rocket motors in an effort to provide corrections
to experimentally obtained propellant admittances. T'ien5

and, later, Flandro6 included chemical reaction effects and
numerically solved the boundary-layer equations. The admit-
tances obtained by these investigations are independent of
axial location within the combustor. The reason for this may
be traced to the neglect of the axial mean flow velocities in
the boundary-layer analysis. It is shown here that mean flow
effects lead to an axial dependence of the acoustic admit-
tance, particularly in regions of pressure minima. Nayfeh7

investigated the acoustic boundary layer in rigid-walled ducts
in the presence of an axial flow. He did not, however, con-
sider flow injection into the duct as considered here. As
mentioned earlier and as will be demonstrated, the injection
velocity is of great importance in determining the acoustic
boundary-layer thickness and structure.

Analysis
The region under consideration is a thin layer adjacent to

the porous walls of a duct (Fig. 1). Constant-temperature gas
is injected through the porous walls. Consequently, the
steady flow has both transverse and axial steady-state
velocities. The steady-state pressure, density, and tempera-
ture can be assumed to be constant at a given axial location
and their variation with axial distance can be taken to be
small, since only low Mach number flows will be considered.
The Prandtl number is taken to be unity merely for conve-
nience. A two-dimensional analysis is carried out using the
boundary-layer equations. These are, in nondimensional
form,8

dp d
T — + -T—dt dx

d
——dy (D

r du
'br

du
~~dx~
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~~fy
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In the above,

A: = **CO*/C

U = U*/C*

r= T*/T*

Note that the transverse momentum equation has been
replaced by Eq. (5). This implies that the core flow pressure
is impressed upon the boundary layer. For the unsteady com-
ponent of the pressure, this will be true if the acoustic waves
are nearly planar, as will be assumed herein.

The dependent variables are now split into steady and
unsteady components and a harmonic time dependence is
assumed for the unsteady components. For example,

u = u + u'elt

It is also assumed that both

\u'\<l

and

The steady-state version of Eq. (1) yields

dii dV
- + —— = 0dx dy

The variation of «, for low injection rates, occurs over a
scale of_the length of the duct. Correspondingly, the varia-
tion in V occurs over a length scale comparable to the cross-
sectional dimension of the duct. Under the boundary-layer
assumption, the thickness of the boundary layer is small
compared to the cross-sectional dimension of the duct. Thus,
in the boundary layer, it is sufficient to take

POROUS WALL

•o- L,
CORE FLOW

ACOUSTIC B.L.
(STOKES LAYER)

Fig. 1 Schematic of a porous-walled duct with sidewall mass
addition.

V= const (6)

Using this approximation and the steady-state continuity
equation, it follows that du/dx can be also neglected in the
analysis. A reasonable approximation of u is given by6

u-uc(\-e~^) (7)

where /32 is a measure of the inverse of the axial, steady-
velocity boundary-layer thickness.

The equations for the unsteady components are obtained
by subtracting the steady-state equations from the conserva-
tion equations (1-5). Axial gradients of steady-state quan-
tities (of the order of M2) are neglected. Linearizing with
respect to the unsteady flow variables the following equa-
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dy dy dx

d2u' - du' 1 dp'——--- V ——-iu' =—— —-—
dy2 dy y dx
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p'=p'-T'

(10)

(11)

where use has been made of Eq. (11) in substituting for p' in
Eqs. (8-10).

The boundary conditions at y = 0 are taken as

u ' (0) = 0 (no-slip condition)

Tr (0) = 0 (assuming the wall to be isothermal)

For convenience, the boundary conditions at the other end
are specified at infinity. In practice, infinity is to be under-
stood as the edge of the acoustic boundary layer whose
thickness is yet to be determined. The boundary conditions
may be derived to any order in M from the acoustic
characteristics of the core flow, where the viscous effects and
mean flow gradients may be neglected. For example, in the
core flow, the acoustic momentum equation (9) becomes

. t . du' _ 1 dp'
U dx ~ ~y~ dx

Expanding u' and T' in the following series:

U' =UQ+U{ +....

and similarly

The solutions of Eqs. (8-10) will be obtained by a com-
bination of perturbation and integral equation techniques.
Toward this end, u' and T' in the boundary layer are again
expanded in series similar to those given above. Substituting
these into Eqs. (9) and (10), the following equations are ob-
tained for UQ and TQ in the boundary layer:

(12)dy2 dy y dx

(13)

with the boundary conditions

"o(0)=r0
/(0) = 0

_ / dp'
0 7 d*

The solutions for UQ and TQ are obtained in a straightfor-
ward manner and are

(14)

and

where

The equations for u{ and T{ are

(15)

where u{ and T{ are of order (UCUQ) and (ucTQ), respec-
tively, it follows from the above momentum equation that
UQ and u{ satisfy

and

I dp'
-T"7 dx

with

dy

.
+u (17)

Thus,

and to order (M)

= — u
dx

i dp'UQ =—-T-y dx

u{ = (u/y)p'

Hence, to order (M)
t / ^u'(oo)= i dp' ucp'^

and

u{(<»)=uc—,
7

7Y(oo)=0

It should be noted that v' in Eq. (16) should also be
known to zeroth order. It will be obtained as the solution of
an integral equation as described later.

The solutions for u{ and T{ may be written in terms of
the Green's function G4'9 satisfying the adjoint problem

a2G - dG
dy2 dy °
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= G(oo)=0

(18)
and

r,
00 Q p / «

o G(y^y)a ̂  d-*>- J0

3T '

dy0 (19)

Using standard methods,9 G(y0;y) turns out to be

1
m2~ml

1
m2-ml

]t y0<y

]y y0>y

with

and m2=

Utilizing Eqs. (14) and (15) in Eqs. (18) and (19) and the
assumed form for u from Eq. (7), one obtains

M —uc\ ——]~\—V y / dx

where

and

(20)

|X|B

0 P2 - 0.6

A P, = 0.4

Fig. 2 Region of convergence for the solution of the integral equa-
tion for v'.

u{= lUcP \ —y L i

- G(y0',y) -[v' + Vp' - (21)

where

and
= a4 — a3 — a2 — (I//)

To solve for v' , Eq. (8) is integrated from 0 to y retaining
terms only to 0 (M) . Substituting for u ' and 7" and carry-
ing out the integration yields, after some rearrangement,

' =V

uc dp'

1
m2

1 (* y c c

• Jo Jo

ry r°° aw a^'
G(yQ;ri)-— ——

Jo Jo 8y dx

(22)

Since v' must remain bounded as .y-*oo, a condition on
the admissible values of p' is obtained by setting the coeffi-
cient of y on the right-hand side of Eq. (22) to zero, that is

which yields

This solution for p' is consistent with the solution for the
acoustic pressure distribution in a duct with slowly varying
mean axial flow.

To simplify Eq. (22), the two double integrals on the right-
hand side are converted to single integrals by interchanging
the order of integration. This process yields

V dp'
y dxi y r °° dii

G(y0;y)-;—o Jo dy0

-
dy0



1478 HEGDE, CHEN, AND ZINN AIAA JOURNAL

and

where

m2-ml

/W2 A772

1

m2-ml

J_LI
m2 m{_T y0<y

ml m2

m2

1 1 em?y\________j___ J
ml m2 m2 /

When I A I / 3 < 1, the series in Eq. (25) converges faster than
the geometric series with the common ratio IX 1/3. A typical
region of convergence is plotted in Fig. 2. When IX l/3<^ 1, as
occurs when the core flow Mach number is small, the con-
vergence is rapid. In such a case, the solution for v' to first
order in the Mach number is given by

V (x,y) = V

dx

c \ 7 / dx

Substituting the above expression into Eq. (22) yields an in-
tegral equation of the form

S °° dv'
QK(y0;y)——dyQ (23)

To establish convergence, it is convenient to multiply both
sides of Eq. (23) by exp( — $2y/2). With some rearrangement,
this equation becomes

uc dp' f em^y
7 dx I m2

q(x,y) =F{ (x,y) dyQ (24) m<> (26)

where

Fl(x,y)=e-t3iy/2F(x,y)

and

Using the method of successive approximations,10 it may
be shown by direct substitution that the solution for q is
given by

=F, (x,y) + \m Lm (y*\
dmFl (25)

where it is assumed that the wall admittance #^(0) is in-
dependent of x.

Utilizing Eq. (26) in Eq. (21) and using Eq. (14), the solu-
tion for uf becomes

7 dx

H32ucp'
(27)

where

and

i oo

L(y;y)Lm_l(y0;y)dyo

Ll(y0;y)=L(y0'9y)

provided the series in Eq. (25) converges. It may be also
shown, using arguments similar to these in Ref. 10, that a
sufficient condition for convergence is

\\\B<1

where

B2 =\
J o Jo

It is to be noted that if the effects of the mean flow veloc-
ity u are neglected, as done by Flandro,1 the solutions for u'
and v' reduce to the following simpler forms:

V (x,y) = —2T (28>

and

dx (29)

In this case v' (x,y) has a local minimum when p' is a
minimum [since v' (x,0) =Rb(0)p'] and u' (x,y) has a
minimum when dp'/dx is minimum. However, when the ef-
fects of u are included, this is no longer true, as will be
discussed later.
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Fig. 3 Variation of Real(v') with normal
distance y from the wall at x = 0 and ?r/4.

=!
FVqfl
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The side wall admittance that needs to be satisfied by the
core flow is obtained by letting y^oo in Eq. (26) and
dividing by p ' . The result is

Me dp' ((Rb(0)+V-i/p]
p' dx I m202(ml+P2)

yp' dx

J_
m2

 I0il

_L — LJ)(f
P /3 + /32/ ( fy+7-i)

(30)

The thickness of the acoustic boundary layer may be iden-
tified with the thickness of the u' boundary layer. The
boundary-layer thickness for u' according to Eq. (18)
depends on G(y0,y). When 7—00, the relevant exponential
term in G(y0,y) is emv . Recalling that

the boundary layer (bl) thickness for u ' may be estimated by
setting

1
Real(m2)

where

V
(31)

For the boundary-layer equations to be valid, the thickness
of the acoustic boundary layer should be much smaller than
the characteristic transverse dimension of the duct. Hence,

before application of the theory, this condition should be
verified. It should be noted that the boundary-layer thickness
increases with increase in the injection velocity. For the case
of F* =0, it is straightforward to show that Eq. (31) reduces
to

in accordance with classical results.4

Discussion of Results
The variation of v' and u' in the boundary layer may be

directly obtained from Eqs. (26) and (27). The important
quantity, insofar as the transfer of acoustic energy between
the core flow acoustic motion and the boundary-layer
oscillations, is the part of v' in phase with the pressure p' at
the edge of the boundary layer. If p' and vr (oo) are in
phase, acoustic energy is transferred to the core flow
acoustic motion. Calculations show that v' in the boundary
layer depends on v'(Q) [and so also on Rb(Q)] , p' , and V. A
porous wall usually acts as a damper for acoustic motions,
which would imply with the present notation that the real
part of Rb(0) is negative. Sample calculations are therefore
carried out for negative values of Rb(0).

Figure 3 describes the y variation of the real part of v' at
two different axial locations. In this calculation, p' is taken
to vary as 0.01 [e<(*c+*> +^<«c-*>] with wc = 0.05, so that p'
is almost purely real. The two axial locations are taken at
jc = 0 and Tr/4. The values of the other parameters were taken
to be F=1.0, 02 = 0.6, and Rb(0)=-l.O. At these two x
locations, away from a pressure minimum, the effect of the
u terms is negligible and there is no significant difference be-
tween Eqs. (26) and (28). At these locations, the effect of the
boundary layer is to further enhance the damping provided
by the porous wall. In Fig. 4, the variation of v' across the
boundary layer at a location of pressure minimum (i.e.,
x-ir/2) is presented. At this location if p' is identically zero
then according to Flandro's calculation [Eq. (28)], v' re-
mains identicallly zero. However, by inclusion of the u
terms, it is seen that v' is different from zero at a pressure
minimum.

As mentioned before, the important energy exchange be-
tween the core and boundary-layer flows depends upon the
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Fig. 4 Variation of v' with normal distance y from the wall at
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Fig. 5 Dependence of Realv' (oo) upon location within duct for
^(0)=-1.0 and -2.0.
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Fig. 6 Dependence of l?ft(oo) upon x location within duct.

part of v' in phase with p'. Since here p' is almost purely
real, it is the real part of v' at the boundary-layer edge that
is important. The dependence of Real [v' (oo)] upon Rb(Q)
is presented in Fig. 5 as a function of axial distance x. Two
values of Rb(Q) are chosen (-1.0 and -2.0). The other
parameters retain the values given previously. The magnitude
of Reali;' (oo) increases with Rb(0) is changed from - 1.0 to
-2.0. For Q<x<ir/2, Reali>'(oo) becomes more negative
and for -K/2<x<ir, Realf '(oo) becomes more positive as
Rb(0) changes from -1.0 to -2.0. As p' is positive for
0<x<ir/2 and negative for ir/2<x<ir, it follows that, when
the wall is more damping [i.e., Rb(0) is more negative], the
damping at the edge of the boundary layer is also higher. It
should be pointed out, however, that the increase in damping
at the boundary-layer edge is not linearly proportional to the
increase in Rb(Q).

However, y ' ( o o ) does not go to zero exactly at the
pressure minimum and, in fact, in a small region near the

minimum v' and p' can be in phase, indicating energy
transfer from the boundary-layer oscillations to the core
flow acoustic motions. This can be seen more clearly by
looking at the admittance Rb(<*>) at the edge of the bound-
ary layer for 0<x<ir (Fig. 6). The magnitude and phase are
relatively constant away from the pressure minimum
(X--K/2). However, there is a strong axial dependence in the
vicinity of the pressure minimum. The phase between v' and
p' approaches zero in a small neighborhood of the pressure
minimum and the magnitude approaches infinity, if p' is
identically zero at the minimum. However, the acoustic
energy transfer to the core flow oscillations [here given by
p'Reali>'(oo)] in the vicinity of the pressure minimum re-
mains small.

The dependence of Realf'(oo) upon V is similar to its
dependence upon Rb(0) (Fig. 7). Increase in V implies an in-
crease in the steady flow injection rate and the acoustic
boundary-layer thickness. Therefore, increasing the injection
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flow rate increases the damping of the core flow oscillations
by the acoustic boundary layer.

In an effort to check the trends predicted by the theory,
experimental studies were carried out in a cylindrical porous
walled duct. The duct was constructed by joining cylindrical
porous sleeves, each measuring 30 cm in length and 5 cm in
diameter. The head end (x = 0) was capped, while the tail end
exhausted through a nozzle into a vacuum tank. The flow
rate was adjusted by means of a valve located between the
nozzle and the vacuum tank. An acoustic driver (capable of
driving at different frequencies) was located at the head end.
Profiles of u' were obtained in the acoustic boundary layer
by means of a hot-film anemometer. The measured ratio
\uf (y)/uf (oo) |2 is plotted in Fig. 8 for flow rates of ap-

proximately 0.3 and 0.5 m/s (F=3.11 and 5.19, respectively)
at a frequency of 100 Hz. Due to the axial pressure drop
along the duct, the injection was not uniform and the
average injection rate was determined by measuring the flow
rate at the nozzle end. The value of u' (oo) was taken at the
duct center line. Also plotted for comparison are the cor-
responding theoretical profiles. These were obtained by using
Eq. (29) as the axial location under consideration was at
x = 25 cm, which was sufficiently removed from a pressure
minimum.

Fig. 7 Dependence of Realv' (oo) upon x location within duct for
V= 1.0 and 2.0.

Figure 8 shows that the developed model predictions are in
good qualitative agreement with the experimental data. In
particular, the increase in the boundary-layer thickness with
increase in injection flow rate is clearly evident. The quan-
titative agreement between theory and experiment is also
reasonable. The theoretical values of \u' ( y ) / u r (oo) I 2 are
about a factor of 1.4 greater than the experimentally ob-
tained data, so that the magnitude of u' (y) differs only by a
factor of 1.2.

It is also interesting to note from Fig. 8 that there is a
region in the boundary layer where the unsteady fluid veloc-
ity u' is larger than in the core flow u' (oo). This phenome-
non is known to be present in ducts with no mean flow and
is called the Richardson's annular effect.11 The present in-
vestigation confirms both theoretically and experimentally
that this effect is also present in ducts with mean flow and
sidewall flow injection. As explained in Refs. 4 and 11, this
effect occurs due to the presence of the vortical mode of the
fluid motion, which must arise in the boundary layer to
satisfy the no-slip boundary condition at the duct walls that
the isentropic acoustic mode by itself cannot satisfy.

It has been stated earlier that the analysis has been carried
out for largely plane wave motions in the duct interior [i.e.,
see Eq. (5)]. It has also been shown that v' at the edge of
the acoustic boundary layer is, in general, nonzero. How-
ever, at the duct centerline v' must go to zero. A similar
situation occurs in the case of nonporous and nonrigid
walled ducts with no steady flow. It is shown4 that in this
case the acoustic motions are not perfect plane waves and
the acoustic pressure shows a weak radial dependence,
enough to sustain a radial acoustic velocity in the duct in-
terior that goes to zero at the duct centerline. The situation
in the present case should be no different and it must be
recognized that Eq. (5) is the first approximation to the ac-
tual case.

Summary
A theoretical analysis and an experimental study of the

acoustic boundary layer in porous-walled ducts with sidewall
mass injection have been carried out. The analysis shows the
damping provided by the acoustic boundary layer increases
with an increase in injection velocity and increased damping
at the wall. For a given injection velocity, the thickness of
the boundary layer decreases with an increase in the fre-
quency of the oscillations. The thickness of the boundary
layer increases with increase in injection velocity. This im-
portant trend is also confirmed experimentally. The ex-

COMPUTED (V - 3.11)

A EXPERIMENTAL (V = 3.11)

0 EXPERIMENTAL (V - 5.19)

COMPUTED(V - 5.19)

Fig. 8 Comparison of measured and predicted
dependence of \u' (y)/u' (oo) 1 2 on normal distance
y from the wall.
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perimental data are in good agreement with the theoretical
predictions.
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Thermophysics denotes a blend of the classical sciences of heat transfer, fluid mechanics, materials, and electromagnetic
theory with the microphysical sciences of solid state, physical optics, and atomic and molecular dynamics. All of these
sciences are involved and interconnected in the problem of entry into a planetary atmosphere at spaceflight speeds. At such
high speeds, the adjacent atmospheric gas is not only compressed and heated to very high temperatures, but stongly
reactive, highly radiative, and electronically conductive as well. At the same time, as a consequence of the intense surface
heating, the temperature of the material of the entry vehicle is raised to a degree such that material ablation and chemical
reaction become prominent. This volume deals with all of these processes, as they are viewed by the research and
engineering community today, not only at the detailed physical and chemical level, but also at the system engineering and
design level, for spacecraft intended for entry into the atmosphere of the earth and those of other planets. The twenty-two
papers in this volume represent some of tfce most important recent advances in this field, contributed by highly qualified
research scientists and engineers with intimate knowlege of current problems.
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